Abstract. Let (R, m) be a regular local ring with prime ideals p and q such that √ p + q = m and dim(R/p) + dim(R/q) = dim(R). It has been conjectured by Kurano and Roberts that p (m) ∩ q ⊆ m m+1 for all positive integers m. We discuss this conjecture and related conjectures. In particular, we prove that this conjecture holds for all regular local rings if and only if it holds for all localizations of polynomial algebras over complete discrete valuation rings. In addition, we give examples showing that certain generalizations to nonregular rings do not hold.
Introduction
Recent years have seen a renewed interest in the properties of symbolic powers of prime ideals, especially in regular local rings. For instance, see [5, 8, 9, 10, 11, 19, 20, 21] . Often these properties, or conjectured properties, are related to the behavior of the symbolic powers p (m) of a prime ideal p with respect to the the maximal ideal m. These properties frequently emerge from seemingly unrelated questions in algebra and geometry. For instance, we have the following conjecture of Kurano-Roberts [11] . The evidence for this conjecture comes from Kurano-Roberts work on Serre's positivity conjecture which we briefly summarize. Let (R, m) be a regular local ring of dimension d, and p, q prime ideals of R such that √ p + q = m. Serre [22] proved that dim(R/p) + dim(R/q) ≤ d.
We shall refer to this result as Serre's Intersection Theorem. Serre defined the intersection multiplicity of R/p and R/q by the formula χ(R/p, R/q) = and proved the following when R is unramified: (i) χ(R/p, R/q) ≥ 0, and (ii) χ(R/p, R/q) = 0 if and only if dim(R/p) + dim(R/q) < d. He conjectured that these results hold even when R is ramified. Gillet-Soulé [6] and Roberts [17] independently proved the Vanishing Conjecture: if dim(R/p) + dim(R/q) < d, then χ(R/p, R/q) = 0. Gabber [2, 7, 18] proved the Nonnegativity Conjecture: χ(R/p, R/q) ≥ 0. The Positivity Conjecture is the converse of the vanishing conjecture, and is still open.
In working to apply Gabber's methods to the positivity conjecture, Kurano-Roberts [11] proved the following. Because Kurano and Roberts expect the Positivity Conjecture to be true, this result motivated them to make Conjecture 1.1. Theorem 1.2 shows that Conjecture 1.1 is true for regular rings containing a field. In their paper, Kurano and Roberts verify the conjecture, with no reference to positivity, when R contains a field of characteristic 0. The current author [20] has verified the conjecture, again with no reference to positivity, when R contains a field of arbitrary characteristic. This is accomplished by first proving a generalization of Serre's Intersection Theorem and applying it to a hypersurface R/f R. We discuss the interaction between such generalizations and Conjecture 1.1 (and its generalizations) in greater depth below. We note that Conjecture 1.1 is still open in mixed-characteristic.
The current author [21] has proved the following result which is more symmetric than the result mentioned above. Straightforward examples show that this result is sharp. The main tool used to prove this result is the following generalization of Serre's Intersection Theorem, also from [21] . Theorem 1.4. Let (A, n) be a quasi-unmixed local ring containing a field. Let P and Q be prime ideals in A such that both A/P and A/Q are analytically unramified, √ P + Q = n, and e(A) < e(A P ) + e(A Q ). Then dim(A/P ) + dim(A/Q) ≤ dim(A).
In the statement, e(A) is the Hilbert-Samuel multiplicity of the local ring A with respect to its maximal ideal. The connection between Theorems 1.3 and 1.4 can be summarized as follows. If R is a regular local ring, p a prime ideal of R and f a nonzero element of p, then e(R p /(f )) = m if and only if f ∈ p (m) p (m+1) . If p and q are as in the statement of Theorem 1.3 and f ∈ p (m) ∩ q (n) m m+n , then we may apply Theorem 1.4 to the hypersurface R/(f ) to arrive at the desired conclusion.
This leads us to consider two conjectures. The first describes behavior we expect from certain intersections of symbolic powers of prime ideals in regular local rings. One part is the conjecture of Kurano-Roberts. The other part states that we expect the conclusion of Theorem 1.3 to hold for regular local rings of mixed characteristic. The second conjecture gives conditions we expect to guarantee that the conclusion of Serre's Intersection Theorem
holds, as in Theorem 1.4. The hypotheses are given in terms of certain Hilbert-Samuel multiplicities and generalize the respective conjectures for symbolic powers. We list the statements here. Conjecture 1.5. Let (R, m) be a regular local ring with prime ideals p and q such that √ p + q = m and dim(R/p) + dim(R/q) = dim(R).
Conjecture 1.6. Let (A, n) be a quasi-unmixed local ring with prime ideals P and Q such that √ P + Q = n.
(ID-1) If e(A) = e(A P ) and A/P is analytically unramified, then
(ID-2) If e(A) < e(A P ) + e(A Q ) and both A/P and A/Q are analytically unramified, then
We immediately note that each statement (ID-i) is a conjectural generalization of Serre's Intersection Theorem. This is due to the fact that, if A is regular then e(A) = e(A P ) = e(A Q ) = 1. Theorems 1.3 and 1.4 imply that these conjectures are true for rings containing fields.
Before we discuss our main results, we make some comments regarding the technical assumptions in the conjectures. Straightforward examples show that the following assumptions in (SP-i) are necessary: (i) R is regular, (ii) √ p + q = m, and (iii) dim(R/p) + dim(R/q) = dim(R). When we assume (i) and (ii), Serre's Intersection Theorem implies that dim(R/p) + dim(R/q) ≤ dim(R). That is, in (iii) we are requiring the sum, dim(R/p) + dim(R/q), to achieve its maximal value. Similar examples show that we must assume that √ P + Q = n in (ID-i). In (ID-i), the assumption that A is quasi-unmixed means that the completion A * is equidimensional, i.e., for every minimal prime ideal P * of A * we have dim(A * /P * ) = dim(A). A theorem of Ratliff [16] tells us that A is quasi-unmixed if and only if it is equidimensional and universally catenary. There are straightforward examples of complete local rings that are not equidimensional for which the (ID-i) both fail, so the requirement that A be equidimensional is certainly necessary. Since our arguments involve passing to the completion A * , we must assume that A * is equidimensional. We do not know whether the full strength of the quasi-unmixedness assumption is needed. However, if one is inclined to assume that one's rings are excellent, then "quasi-unmixed" is equivalent to "equidimensional", and therefore, there is little harm in the quasi-unmixedness assumption.
In (ID-i) we assume explicitly that A/P is analytically unramified. As with quasi-unmixedness, this is an assumption on the completion A * and holds automatically if A is excellent. We say that A is analytically unramified if A * is reduced. Therefore, to say that A/P (or P ) is analytically unramified is to say that the ideal P A * is an intersection of prime ideals of A * . The purpose of this assumption is to guarantee that the multiplicity is well-behaved under localization. More specifically, we require that the multiplicity not increase after localizing. Our guarantee is from Nagata [13] (40.1): Theorem 1.7. Let P be a prime ideal of a local ring A. If A/P is analytically unramified and if ht (P ) + dim(A/P ) = dim(A), then e(A P ) ≤ e(A).
Regarding the analytically unramified assumption in this theorem, Nagata ( [13] Appendix A2) writes the following: "It is not yet known to the writer's knowledge whether or not (40.1) is true without assuming that P is analytically unramified." If it is shown that this condition can be omitted from the statement of Theorem 1.7, then the corresponding conditions should probably be omitted from the statements (ID-i).
One should observe that there is a connection between Theorem 1.7 and our conjectures that runs deeper than the obvious fact that symbolic powers are involved. Nagata proves Theorem 1.7 by first proving the following. To prove Theorem 1.7, Nagata first reduces to the case of a complete hypersurface ring and then applies Theorem 1.8. The methods we employ in proving Theorem 1.3 are similar to Nagata's. Theorem 1.8 is sharp, and (SP-i) tells us what higher power of m we should expect to contain the intersection of p (m) with (symbolic powers of) q.
Using standard techniques, we may make the following reductions in Conjectures 1.5 and 1.6. In (SP-i) we may assume that R is complete with algebraically closed residue field. Furthermore, we need only verify that, for all m > 0, every irreducible element f of p (m) ∩ q is in m m+1 . In (IDi) we may assume that A is a complete domain with infinite residue field. Explanations of these reductions are given in the proofs of Theorem 1.9 below and Theorem 2.3 in [21] .
Some relations between the conjectures are straightforward to verify. If (ID-i) is true for all complete hypersurfaces, then (SP-i) is true for all regular local rings. To see this, pass to the completion R * of R and apply (ID-i) as in the proof of Theorem 1.3. Also, (ID-2) implies (ID-1) for complete domains, because e(A Q ) > 0. Since we can reduce (ID-1) to the case of a complete domain, we see that (ID-2) implies (ID-1). We summarize the implications is the following diagram.
In the main result of this paper, we show that the converses of the horizontal implications in this diagram hold. In addition, we show that one need only verify the conjectures for a particularly nice class of rings. More specifically, we have the following. 3. For every prime number p and every complete p-ring (V, pV ) and every
(ID-i) holds for all quasi-unmixed local rings.

(ID-i) holds for all hypersurfaces over an arbitrary complete, unramified regular local ring of mixed characteristic.
6. For every prime number p and every complete p-ring (V, pV ) and every
In the statement, a p-ring is a discrete valuation ring V whose maximal ideal is generated by the prime number p.
At this time, we do not know if the converses of the vertical implications in diagram ( * ) hold. With Theorem 1.2 in mind, we remark that we do not know whether Serre's Positivity Conjecture implies any of our conjectures, except (SP-1) in the ramified case, or vice versa. However, we do know that the conclusion of (SP-2) holds in the following case by [21] Proposition 3.3: V is a complete p-ring and p, q are graded prime ideals of the polynomial algebra R = V [X 1 , . . . , X d ] such that R/(p + q) has finite length and dim(R/p) + dim(R/q) = d + 1. This give some evidence for statement 3 in the above theorem.
Using methods similar to those employed in the proof of Theorem 1.9, we verify a weaker version of (ID-2): Theorem 1.10. Let (A, n) be a quasi-unmixed local ring with prime ideals P and Q such that
Here we summarize the contents of this paper. In Section 2, we prove Theorems 1.9 and 1.10. In Section 3 we discuss two generalizations of Conjecture 1.5 that were suggested and give examples to show that these generalizations do not hold.
I am grateful to S. Dutta, P. Griffith, C. Huneke and D. Katz for their helpful comments and suggestions.
Main Results
Before we prove the main results of this paper, we catalogue some definitions and properties we will use. All rings in this paper are assumed commutative and Noetherian.
If (A, n) is a local ring and M is a nonzero, finitely generated A-module of dimension d and I is an ideal of A such that M/IM has finite length, then the Hilbert function
When there is no danger of confusion, we shall write e(I, M ). If I = n, we write e A (M ) or e(M ).
We will use the following facts concerning the Hilbert-Samuel multiplicity.
Lemma 2.1. Let A be a ring and M a finite A-module.
(Additivity Formula) Let A be a local ring. Then
where the sum is taken over all primes P of A such that dim(A/P ) = dim(M ). Because we need only take the sum over such primes which are also in the support of M , this sum is finite.
2. Let (R, m) be a local subring of A such that the extension R → A is module-finite. Then A is a semilocal ring, say with maximal ideals n 1 , . . . , n n , such that dim(A) = dim(R) and each
where the sum is taken over all indices i such that ht (n i ) = dim(A).
3. Let R be a subring of A such that the extension R → A is modulefinite, and let s be a prime ideal of R. Let {S 1 , . . . , S j } be the set of prime ideals of A such that S i ∩ R = s and ht (S i ) = ht (s). Then
where κ(s) is the residue field of R s and similarly for κ(S i ). The following lemma was proved in [21] . It was the main tool used to verify (SP-2) for rings containing a field. We shall make use of it here in the proof of "5⇒4" in Theorem 1.9.
Let
Lemma 2.2. Let (A, n) be an equidimensional, local ring containing an excellent, local domain (R, m) such that the extension R → A is module-finite.
Let P and Q be prime ideals of A such that √ P + Q = n, and let p = P ∩ R and
We are now in a position to prove Theorem 1.9.
Proof. We summarize the implications we shall prove in the following diagram.
The implications "1 ⇒ 2" and "4 ⇒ 5" are obvious. The implication "2 ⇒ 3" follows by passing to the completion R * of R; use the faithful flatness of R → R * as in the first step of "3 ⇒ 2". The implication "5 ⇒ 6" also follows by passing to the completion; argue as in the proof of Theorem 2.3 in [21] . As noted in the introduction, if R is a regular local ring with prime ideal p and f is a nonzero element of p, then f ∈ p (m) p (m+1) if and only if e(R p /(f )) = m. From this, the implications "4 ⇒ 1", "2 ⇔ 5" and "3 ⇔ 6" follow easily.
"5⇒4". We verify this implication in the case i = 2; the case i = 1 is similar. Let (A, n) be a quasi-unmixed, local ring with prime ideals P, Q such that A/P and A/Q are analytically unramified, √ P + Q = n, and e(A) < e(A P ) + e(A Q ). By passing to A(X) = A[X] n if necessary and then to the completion, we may assume without loss of generality that A is a complete local ring with infinite residue field. By passing to the quotient A/s for an appropriately chosen minimal prime ideal s of A, we may also assume that A is an integral domain. (See the proof of Theorem 2.3 in [21] for further details.) Since (ID-i) has been verified for rings containing a field, we assume without loss of generality that A has characteristic 0 and that k = A/n has characteristic p > 0. Let V be a coefficient ring for A, which is a complete p-ring. Since the residue field of A is infinite, let x = x 1 , . . . , x d be a system of parameters of A such that the ideal I = xA satisfies e(I, A) = e(n, A).
which is a complete domain contained in A such that the extension R → A is module finite, and the induced map on residue fields is an isomorphism. Let m = (p, x 1 , . . . , x d )R = n ∩ R, p = P ∩ R and q = Q ∩ R. Since I = xA ⊆ mA ⊆ n, we have e(A) = e(I, A) ≥ e(mA, A) ≥ e(n, A) = e(A). Therefore,
Lemma 2.2 implies that
√ p + q = m, since e(A) < e(A P ) + e(A Q ).
If R is a regular local ring, then Serre's Intersection Theorem implies that
as desired. Therefore, we assume that R is not regular. Let X 1 , . . . , X d be indeterminates and let
. Then B surjects onto R via the natural homomorphism π which sends X i to x i . Since dim(R) = d = dim(B) − 1 and R is a domain, the kernel of π is a height 1 prime of B and is therefore principal. Thus, R is a hypersurface over B. If we can show that e(R) < e(R p ) + e(R q ), then our assumptions imply that dim(R/p) + dim(R/q) ≤ dim(R), completing the proof.
Let r = rank R (A) = rank Rp (A p ) > 0 so that e(A) = re(R). We claim that re(R p ) ≥ e(A P ). As before,
(where the sum is taken over all primes P i of A contracting to p in R) ≥ e A P (pA P , A P ) ≥ e A P (P A P , A P ) = e(A P ).
Similarly, re(R q ) ≥ e(A Q ). Thus, re(R) = e(A) < e(A P ) + e(A Q ) ≤ r(e(R p ) + e(R q )) and since r > 0, we have e(R) < e(R p ) + e(R q ), as desired.
"3⇒2". The main ideas for this proof come from Dutta [4] , which relies heavily on Artin approximation [1] and the work of Peskine-Szpiro [15] .
Let V be a complete p-ring and d ≥ 1, and suppose that there were a counterexample to 
We may assume without loss of generality that k = V /pV is algebraically closed, as follows. Let k ′ denote the algebraic closure of k. By [12] Theorem 29.1 there exists a p-ring V ′ such that V ′ /pV ′ ∼ = k ′ and a flat ring homomorphism V → V ′ . We may replace V ′ by its completion to assume that V ′ is a complete p-ring.
, which is a regular local ring of dimension d + 1 = dim(R) with maximal ideal m ′ = (p, X 1 , . . . , X d )R ′ . The induced ring homomorphism R → R ′ is flat and local. By faithfully flatness, fix prime ideals p ′ , q ′ ⊂ R ′ such that p ′ ∩ R = p and q ′ ∩ R = p. It follows from going-down that dim(R ′ /p ′ ) = dim(R/p) and dim(R ′ /q ′ ) = dim(R/q). (To see this, fix a chain of prime ideals
where l = ht (p) and l ′ = dim(R/p). By going-down there is a chain of prime
so we have l = ht (p ′ ) and l ′ = dim(R ′ /p ′ ).) For i = 1, . . . , d and q ≫ 0 we have p q , X q i ∈ p + q ⊆ p ′ + q ′ , and it follows that √ p ′ + q ′ = m ′ . Since f ∈ p (m) , there exists s ∈ R p such that sf ∈ p m . Since p ′ ∩R = p, it follows that s ∈ p ′ , and the fact that sf ∈ p m ⊆ (p ′ ) m implies that f ∈ (p ′ ) (m) .
Similarly, f ∈ (q ′ ) (n) . Finally, if f ∈ (m ′ ) m+n , then f ∈ (m ′ ) m+n ∩R = m m+n by faithful flatness, a contradiction. Thus, the counterexample in R ascends to a counterexample in R ′ , and we may assume that V /pV is algebraically closed.
Let
.. ,X d ) with maximal ideal m 0 . We shall show that the counterexample in R gives rise to a counterexample in R 0 . More specifically, we shall show that there exist prime ideals p 0 , q 0 in R 0 and g ∈ R 0 such that
. First, we show how the given counterexample gives rise to a counterexample in the Henselization R h 0 of R 0 , and therefore in a pointedétale neighborhood R 1 of R 0 . This is accomplished by showing that the essential data describing the counterexample is determined by a finite number of polynomial equations (necessarily in a finite number of variables) with coefficients in R 0 . Artin's approximation theorem will then yield a solution to these equations in R h 0 . Furthermore, given an integer e ≥ 1 we can guarantee that the solutions in R h 0 will be congruent to the original solutions modulo m e . Since there are finitely many variables, the solution will lie in a pointedétale neighborhood R 1 of R 0 . Note that R h 0 and each pointedétale neighborhood R 1 of R 0 is an unramified, regular local ring of dimension d + 1 with regular system of parameters p, X 1 , . . . , X d . Let y 1 , . . . , y a ∈ p be a minimal set of generators of p and z 1 , . . . , z b ∈ q a minimal set of generators of q. 3. There is a finite number of equations that determine the dimension of R/p and R/q. (See [4] for the details. Essentially, one shows that the intersection multiplicity χ(R/p, R/q) is determined by a finite number of equations. In particular, since dim(R/p) + dim(R/q) = dim(R) and R is unramified, the intersection multiplicity is positive and keeping track of the positivity forces dim(
4. There is a finite number of equations that determines the fact that a given sequence α 1 , . . . , α r is a system of parameters for R/p. (We can keep track of dim(R/p). We can keep track of the fact that the α i are elements of m and that the sequence has dim(R/p) elements. And we can keep track of the fact that (R/p)/(α 1 , . . . , α r ) has dimension 0.) It follows that we can keep track of whether a given element α 1 ∈ m is part of a system of parameters for R/p by extending it to a full system of parameters.
5. There is a finite number of equations that determine the fact that f ∈ p (m) . (There are two cases.
That is, we can write
where the sum is finite and the coefficients are in R. Since s ∈ m p, s is part of a system of parameters for R/p; we have already noted that we can keep track of this fact with a finite number of equations. By using variables C ′′ i 1 ,... ,ia we can also keep track of the fact that sf ∈ p m . Let S, F be the variables we use to keep track of the elements s, f . In our application of Artin approximation, we may then conclude that there are elements s 1 , f 1 ∈ R 1 such that s 1 f 1 ∈ I m and either s 1 = 1 or s 1 ∈ m 1 is part of a system of parameters for R 1 /I. Similarly, there is an element t 1 ∈ R 1 such that t 1 f 1 ∈ J n and either t 1 = 1 or t 1 ∈ m 1 is part of a system of parameters for R 1 /J.
6
. Choosing e ≥ m + n, we require that the solutions in R 1 are congruent to the original solutions in R modulo m m+n . In particular, since f ∈ m m+n , it follows that f 1 ∈ m m+n and, therefore, that f 1 ∈ m m+n 1 .
To summarize, we have shown the existence of the following:
3. An element s 1 ∈ R 1 such that s 1 f 1 ∈ I m and either
is part of a system of parameters for R 1 /I.
4. An element t 1 ∈ R 1 such that t 1 f 1 ∈ J n and either t 1 = 1 or t 1 ∈ m 1 is part of a system of parameters for R 1 /J.
In particular, R 1 is a regular local ring of dimension d + 1, essentially of finite type and smooth over V , m 1 = m 0 R 1 , and R 1 /m 1 = V /pV . Let p 1 be a minimal prime of R 1 /I such that dim(R 1 /p 1 ) = dim(R 1 /I), and let q 1 be a minimal prime of
part of a system of parameters on R 1 /I or s = 1, it follows that s 1 ∈ p 1 . Since
1 . Thus, we have a counterexample in R 1 , as desired.
Next, we show that we may assume without loss of generality that f 1 is irreducible in our conjecture. Since R is a unique factorization domain, write
m m+n , we claim that there exists i between 1 and v such that F i ∈ m
. This will show that we our counterexample gives rise to an irreducible counterexample. Suppose that each F i ∈ m 
The Additivity Formula implies that
or, in other words,
, and it follows that
which contradicts our hypothesis.
We also note that f 1 ∈ m 2 1 , as follows. Suppose not. Since
This contradicts Serre's Intersection Theorem. Observe that the fact that f 1 is irreducible and f ∈ m 2 implies that f ∈ pR 1 . Finally, we show how a theorem of Dutta [4] gives rise to a counterexample in R 0 , thus completing our proof. The theorem we shall employ is the following. 2. There exists an element g in B ∩ aA such that B/gB → A/aA is an isomorphism. Furthermore gA = aA.
We apply this theorem to the ring A = R 1 and the element a = f 1 . The discrete valuation ring W whose existence is guaranteed by the theorem is constructed by choosing elements y 1 , . . . , y t ∈ A such that their residues modulo M form a transcendence basis of K over U/πU and then setting W = V [y 1 , . . . , y t ] πV [y 1 ,... ,yt] . The fact that V /pV ∼ = R 1 /m 1 implies that we may take W = V in the conclusion. Since V /pV is algebraically closed, the maximal ideal . Thus, our counterexample in R 1 gives rise to a counterexample in R 0 , completing the proof.
The proof of Theorem 1.10 is now relatively straightforward.
Proof. Let A, n, P, Q be as in the statement of the theorem. As in the proof of the implication "5⇒4" in Theorem 1.9 we may assume that A is a complete hypersurface over the ring B = V [[X 1 , . . . , X d ]], with surjection π : B → A. Let M = π −1 (n) which is the maximal ideal of B, P = π −1 (P ) and Q = π −1 (P ). Then P + Q is M-primary, so by Serre's Intersection Theorem, dim(A/P ) + dim(A/Q) = dim(B/P) + dim(B/Q) ≤ dim(B) = dim(A) + 1 as desired.
Examples
With Conjecture 1.5 in mind, it is natural to ask, "What is the correct conjecture to make for symbolic powers in nonregular rings?" This is a tricky business, though, since symbolic powers can be badly behaved in general. Question 3.1. Let R be a ring of finite type over a perfect field k and J the Jacobian ideal of R. Let p, q be prime ideals of R such that p + q = (1), the quotient R/(p + q) has finite length, and dim(R/p) + dim(R/q) = dim(R). Fix a maximal ideal m containing p + q. Does there exist a fixed q ≥ 1 such that J q (p (m) ∩ q) ⊆ m m+1 for all m ≥ 1?
If R were regular in this question, then the Jacobian ideal would be the unit ideal. Thus, this question generalizes (SP-1).
In dimension 0, the answer to this question is "yes", as follows. If dim(R) = 0 then R = R 1 × · · · × R t for certain local Artinian rings (R i , m i ). If p, q are prime ideals of R such that p + q = (1) and the quotient R/(p + q) has finite length, then fix a maximal ideal m containing p + q. We can reorder the factors of R, if necessary, to assume that m = m 1 × R 2 × · · · × R t . Since k is perfect, the Jacobian criterion tells us that J ⊆ m iff R m = R 1 is not regular iff R 1 is not a field. If R 1 is a field, then m = 0 × R 2 × · · · × R t and
for all m ≥ 1. If R 1 is not a field, then J ⊆ m, which implies that J q ⊆ 0 × R 2 × · · · × R t for all q ≫ 0 so that, for any such q,
for all m ≥ 1. In dimension 1, the answer to Question 3.1 is "no", as the following example demonstrates.
This example is a little dissatisfying, since one of the ideals contains the other. However, one can consider R = k[X, Y, Z]/(XY ) = k[x, y, z] with primes p = (x, z)R and q = (x, y), to achieve the same result in dimension 2. Of course, in dimension 1, in order for p and q to satisfy the hypotheses of Question 3.1, one prime must contain the other.
Another factor that makes this example displeasing is the fact that the ring is not a domain. For domains of dimension 1, the answer to the question is "yes", since one of the ideals must be the zero ideal. In dimension 2, though, the following example shows that, even for a hypersurface domain, the answer to this question is "no". 
shows that R is a domain. Let m = (x, y, z)R, p = (x, y)R and q = (x, z)R. Then p + q = m and dim(R/p) + dim(R/q) = 2 = dim(R). The Jacobian ideal is
Fix an integer q ≥ 1. We'll show that J q (p (ms) ∩ q) ⊆ m ms+1 for all m ≫ 0. Fix an integer m ≥ q/(s − 1). Since y + z ∈ p and x m (y + z) m = y ms z m ∈ p ms , we have x m ∈ p (ms) . Also, x m ∈ q. Thus, it suffices to show that for certain coefficients a i ∈ Z. Thus, it suffices to show that x m+q ∈ m m+q+1 . This is straightforward and can be verified by the interested reader.
Note that this ring is particularly nice. For instance, if k is perfect and char(k) = s+1, R is an isolated singularity and, therefore, it is normal. Also, the above discussion shows that this example has minimal dimension among all counterexamples that are domains. We point out the nice properties of this example only to demonstrate that it is not horrible pathologies in the ring that give the negative answer to our question.
With this in mind, one realizes that one problem with Question 3.1 is that the ideals under consideration are too large, in the following sense. The assumption dim(R/p)+dim(R/q) = dim(R) in (SP-1) guarantees that p and q are as small as possible among ideals satisfying √ p + q = m; this is due to Serre's Intersection Theorem because R is assumed to be regular. The same is not true for non-regular rings. Over a hypersurface, though, it follows that, if √ p + q = m, then dim(R/p) + dim(R/q) ≤ dim(R) + 1. Thus, if the ideals p and q should be as small as possible, we should ask the following question.
Question 3.4. Let k be a perfect field and R = k[X 1 , . . . , X d ]/(f ) for some nonzero, nonunit f . Let J be the Jacobian ideal of R and p, q prime ideals of R such that p + q = (1), the quotient R/(p + q) has finite length, and dim(R/p)+dim(R/q) = dim(R)+1. Fix a maximal ideal m containing p+q. Does there exist a fixed q ≥ 1 such that J q (p (m) ∩ q) ⊆ m m+1 for all m ≥ 1?
In dimension 0, Question 3.4 is vacuous. In dimension 1, the answer to Question 3.4 is "no" as the following example shows. − y), x(x − 2y) )R, and p (m) = p for all m ≥ 1. Thus, for any q ≥ 1, the element xy q+1 (2x − y) q is in J q (p (m) ∩ q) for all m ≥ 1, but if m ≥ 2q + 2, then xy q+1 (2x − y) q ∈ m m+1 . As in our discussion above, we are curious to know whether the answer to Question 3.4 is "yes" for hypersurface domains. In dimension 1 and 2, the answer is "yes", which is easily seen as above. In dimension 3, however, the answer is "no" as the following example demonstrates. Fix an integer q ≥ 1, and any integer m ≥ q/(s − 1). As above, x m ∈ p (ms) , so that
and an analysis as in Example 3.3 shows that (xy − u s ) q x m y ∈ m ms+1 .
This ring is somewhat nice, like the ring in Example 3.3. If k is perfect, then it is regular in codimension 2, and it is, therefore, normal.
